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ABSTRACT. In this paper we address some basic questions of the Banach space 
structure of the nest algebras in the trace class; in particular, we study whether any two 
of them are isomorphic to each other, and show that the nest algebras in the trace class 
have bases. We construct three non-isomorphic examples of nest algebras in ci; present a 
new proof of the primarity of ci (Arazy, [Arl], [Ar2]), and prove that K{H), and the nest 
algebras in B[H) are primary. 

1. INTRODUCTION. 

In the present paper we study some basic questions of the Banach space structure 
of the nest algebras. In particular, we study whether any two nest algebras in ci are 
isomorphic to each other. 

The answer to this question is known for the other Schatten p-classes, Cp, and for 
B{H): All the nest algebras in Cp, 1 < p < oo are isomorphic to Cp. This is an easy 
consequence of the results of Macaev [Ma] and Gohberg and Krein [GK] that say that the 
nest algebras in Cp, 1 < p < oo are complemented in Cp. Likewise, all the nest algebras in 
B[H) are completely isomorphic to each other (see [A2]). 

The structure of the nest algebras in ci is richer. We will show, for instance, that if 
the complete nest is uncountable, then the nest algebra in ci is isomorphic to the contin- 
uous nest; and for the countable case there is a natural collection of spaces, indexed by 
the countable ordinal numbers, that resembles the classification of spaces of continuous 
functions on countable metric spaces given by Bessaga and Pelczyhski [BP]; although we 
can only prove that three of them are not isomorphic to each other. 
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The Banach space invariant we use is primarity, (a Banach space X is primary if 
whenever X ki Y ® Z then either X ki Y or X ki Z). As side results we prove that the 
nest algebras in the trace class have bases and that the trace class, the space of compact 
operators and the nest algebras in B{H) are primary. J. Arazy, [Arl], [Ar2], gave an 
earlier proof (1980-1) of the primarity of ci. Our proof is shorter and extends to K{H); 
the technique was motivated by a paper of Blower [Bl] . 

Section 2 has the preliminaries; we fix the notation and quote the necessary results 
from operator and Banach space theory needed later. In Section 3 we prove that ci is 
primary. In Section 4 we apply the technique developed in Section 3 to study the nest 
algebras in ci. In Section 5 we prove that the nest algebras in B{H) are primary. We 
conclude with applications and open questions in Section 6; in particular, we prove that 
the nest algebras in the trace class have bases. 

The author wants to thank G. Schechtman for the great hospitality during his year 
at the Weizmann Institute of Science and to J. Arazy for explaining the content of [Ar2]. 

2. PRELIMINARIES. 

For this paper H denotes a separable Hilbert space and B{H) the set of all linear, 
bounded operators on H. A complete nest, M, is a totally ordered family of closed sub- 
spaces that contains 0, H, and is closed under intersections and closed unions. The nest 
algebra induced by N is the set of all T e B{H) that leave invariant the elements of J\f; 
i.e., 

Alg^ ={T e B{H) -.TN CN for every N e Af}. 
The following examples have motivated a big part of the theory. 

EXAMPLE 1. In £2 let Nk = spanjej^ and = 1, 2, ■ ■ ■ , cx). Then AT = {0} Ul^fcli^ 
is a nest and it is easy to see that AlgM is the set of upper triangular operators. 

EXAMPLE 2. In L^iO, 1) let Nt = {f e : supp/ C [0, t]} for < t < 1. 

EXAMPLE 3. In L2(0, 1) © L2(0, 1) let Mt = {f e ® L2 : supp/ C [0,t] © [0,t]} 
for < t < 1. 
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The nest algebras were introduced by Kadison and Singer'60 [KS] and Ringrose'65 [R] . 
A central problem was that of classification. Two nests M and M. are similar (unitarily 
equivalent) if there exists T G B{H) invertible (unitary) such that TJ\f — JA; equivalently, 
TAlgA/T-i = AlgM. 

It is clear, (by a simple cardinality argument), that the nests of examples 1 and 2 are 
not similar; however, it was open for a long time whether the nests of examples 2 and 3 
were. This was answered by Larson'85 [L] , who not only proved they are similar but also 
that any two continuous nests (i.e., those whose index is connected for the order topology) 
are similar. 

Examples 2 and 3 are particular cases of the following natural family of nest algebras: 
Let L2(//) = L2([0, 1],//) where is a positive Borel measure on [0,1]. For < t < 1, 
let Mt = {f e L^iii) : supp/ C [0,t]}, and M' = {/ G L^iii) : supp/ C [0,t)}. Then 
7W — {Mt, Mj~}o<t<i is a complete nest called the standard nest. 

J. Erdos [E] proved that if A/" is a nest in a separable Hilbert space, then there 
exists a sequence jii » 112 » • • • of regular Borel measures on [0, 1] such that AlgM is 
unitarily equivalent to the standard nest on L2{jJi\) ® -£'2(a*2) ® • • •; i.e., for < t < 1 and 
/ e L2(/ii) e L2(At2) ® • • •, we have that / e if and only if supp/ C [0, t] ® [0, t] ® • • •, 
and / e if and only if supp/ C [0, t) © [0, t) © ■ • •. 

For 1 < p < 00 let Cp, the Schatten p-class, be the set of all T e B{H) for which 
||T||P = tr(T*T)P/2 is finite. Given J\f, a nest in H, define {AXghfy = A\gJ\f{^Cp to be 
the corresponding nest algebra in Cp. Macaev [M] and Gohberg and Krein [GK] proved 
that an infinite nest algebra in Cp is complemented in Cp if and only if 1 < p < 00. Since 
this behavior is identical to that of the Hardy spaces in Lp, the nest algebras in Cp 
are sometimes called the non-commutative ff^-spaces. However, there are many more 
analogies than that (see for example [FAM], [P], [Al]). 

The similarity theorem also extends to the nest algebras in Cp. If jV" and M. are 
continuous nests then we can find T e B{H) invertible such that TAXghfT-^ = AlgA^. 
Which implies, of course, that AlgA/" ~ PAgM.. But since T,T~^ G B{H) we have that 
T{AlgAf)PT-^ = {AlgM)P; hence, {AlgAf)P fa {AlgM^. In particular, up to similarity, 
there is only one continuous nest in ci which we denote by T'^(R). 
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Example 1 has been studied from the Banach space point of view where it is denoted 
by T (triangular) and = T f]cp. It is a particular case of [GK] that is complemented 
in Cp if and only if 1 < p < oo. This fact was stressed by Arazy [Ar2] who proved that 
is not isomorphic to a complemented subspace of ci, we will use this fact in the proof 
of Proposition 11. Another important fact, proved by Kwapien and Pelczyhski [KP], says 
that ci does not embed into T^. 

We will use repeatedly the Pelczyhski decomposition method [Pe]. The form we use 
asserts that if X embeds complement ably into Y, Y embeds complementably into X and 
X (5^ ®X)p for some 1 < p < oo then X RiY. 

A Banach space X is primary if whenever X k,Y ®Z then either X k,Y or X k, Z. It 
is an immediate consequence of Pelczyhski's decomposition method that \i X ®X)p 
for 1 < p < oo then X is primary if for any T : X ^ X bounded and linear, the identity on 
X factors through T or through I — T. (/ factors through T if we can find A, B : X ^ X 
bounded and linear for which / = ATB). 

Finally, the necessary combinatorial results used in Section 5 can be found in [Bo] . 

3. ci IS PRIMARY 

In this section we give a new proof of the primarity of ci. The technique of the proof 
will be used in the next section to distinguish different isomorphic types of nest algebras 
in ci. 

Let {ei)f^i be an orthonormal basis for H, and let Cij = ej ®ei be the rank-1 operator 
sending z to (2, ej)ei. Let a and be infinite subsets of N and define J^-,^ : ci — > ci and 
Kcr,xi, : ci ^ ci by 



These maps were used in [KP] ; however, our notation and motivation comes from a paper 
of Blower [Bl] where he proved a finite dimensional analogue of Theorem 1 below. 

We will use a and ij) as subsets or as functions cr : N ^ N according to our needs; 
a{i) denotes the zth smallest element of a. It is easy to see that Jo-,i/) is an isometric 




Cku if cr(^) = i and V(0 = 
0, otherwise. 
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embedding and K^^^J^^^ = /, / is the identity of ci. Moreover, if cr^ and V^j, z = 1, 2 are 
infinite subsets of N then Jai,V'i-^<T2,V2 = '^cria2,ViV'2 5 where aia2{j) = cri{(J2{j)). Similarly, 

For this section, $, with or without subscripts, denotes a bounded linear operator. 

THEOREM 1. For every e > and $ : ci ^ ci, we can find cr, V' C N, and A e C 
such that ||i^cr,i/'^'^cr,?/) "'^-^Il < Thus, one of K^ ,^(^J^^^ and I — K^^^^J^^^ is invertible. 

We prove Theorem 1 in 5 steps. Each one of them will be a factorization of the form 
K^^^^J^r,^; yielding new maps $i with nicer properties. The sets a and il^ are constructed 
inductively. 

REMARK. It might be instructive to consider the following example "far" from a 
multiplier. Let ^» : ci — > ci be the transpose operator; i.e., ^»ey = Cji] a the set of even 
integers and •0 the set of odd integers. Then K^^^^Jfj^^ = 0. 

We will use several times the following elementary lemma. 

LEMMA 2. Let be either finite or infinite, En an n-dimensional space, e > and 
T : ^ En Bi bounded, linear map. Then, card{i < N : \\Tei\\ > e} < n^||T||Ve^- 

PROOF. Let {ei}i<n be an Auberbach basis for E^; i.e., 

max|ai| < 11 > aieAl < > \ai\. 

i<n "^-^ z—^ 

i<n i<n 

For every z < n let = {j < A" : \ei*(Tej)\ > e/n}, where {ej*}j<„ is the dual basis in E*. 
Choose \ej\ = 1 appropriately so that || X^j^^. ejej|| = ^/ca^irdAi and e^ej)!! > 

e cardAi/n. Then it is clear that card(Ai) < n^||T|p/e^. Hence, if j ^ Ui<n, ^» ^® have 
that ||Tej|| < e and card(Ui<n ^i) < n^WTf/e^ | 

REMARK. We will not need the estimate of Lemma 2. It suffices to know that 
card{i < N : ||Tei|| > e} is small compared to N and independent of N. Moreover, we will 
also apply Lemma 2 for T : A — > E^ when X is just isomorphic, not necessarily isometric, 
to a Hilbert space. The estimate changes but depends on the Banach-Mazur distance of 
X to the respective Hilbert space, and not on the dimension of X. 
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PROOF OF THEOREM 1. We introduce some notation now. For every n e N 
let Fn = span{eij : max{z,j} = n} and = span{eij : min{z,j} = n}. Notice that 
both {Fn} and {Hn} form a Schauder decomposition for ci. The first one has very nice 
properties (see [KP] and [AL] ), and Hn ~ £2- 

We also use M„ = span{eij : max{z,_7} < n} with P„ the natural projection onto it; 
and En = span{ey : min{z,_7} < n}, with Q„ the natural projection onto it. E^ is still 
isomorphic to a Hilbert space (but with an isomorphism constant depending on n). 

STEP 1. For every e > 0, there exist cti C N and $1 such that \\^i-K^^^^^^J^^^^^ \\ < 
e, and $iM^ C M„, ^lEn C En for every n e N. 

The proof of Step 1 is easy. We present in full detail the construction for and 
indicate how to do it for En- 

The key ideas are that if K C ci is compact, then there is some m such that K is 
essentially inside M„; and ii E Ki £2, then there is some m such that E is essentially inside 
Em- (See [Arl], Proposition 2.2). 

Let a"i(l) = 1 and assume that we have chosen a"i(l), • • ■ , ai{n). Since $ Ball{M„^^n)) 
is compact we can find m > ai{n) such that sup^.^ Ba//(M<,^(„)) ll-Pm^a^ — < Sn+i, where 
e„+i > is chosen small enough. Then set ai{n + 1) = m+ 1. Proceeding this way we 
construct ui. 

Let X e Fn- Then Ja^,cr^x e F^^(^n); and hence, W^Ja^^aiX - Pm^Ja^^cnxW < en\\x\\, 
where m — ai{n + 1) — 1- It is easy to check that K^^^u-^Pm — Pa^(^n)Kai,ai- Therefore, 

Define by $'2; = P^^(^n)Kcri,ai^J(7i,c7iX for x G Fn- Then, if J^n^ri < e is small 
enough, $' is well defined and satisfies HKo-^^o-i^'^cti.cti ~^'|| < ^ and $'M^ C for every 
n e N. 

Repeat the process for with respect to the -E^'s, doing the perturbation argument 
along the HnS and finish. 

STEP 2. For every e > there exit 0-2, ^^2 C N and $2 e -B(ci) such that ||$2 - 
Ka2,^2^iJa2,ip2\\ < e, and C Fn, $2-En C En for every n e N. 
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We construct cr2,V'2 satisfying 



(1) (72(1) < V2(l) < (T2{2) < ^2(2) < (72(3) < ^2(3) • • • , 

to guarantee that and En are invariant for $2- 

Let (72(1) = V'2(l) = 1 and assume that we have chosen {0-2(1), (72 ('^)} and 
{•02(1), • • • ,'02(n)} satisfying (72(1) < ^/'2(1) < • • • < (72(71) < 1^2(71). 

Let A'" > 'ip2{n) be a "large" number and consider 

A={j>N: for 1 < z < N, ||P^^(„)$ieij || < e^+i}. 

By Lemma 2, A'^ is finite. Choose 1^2(^1 + 1) = minA, and since N is large enough, 
can find io, 'i/'2(?^) < io < N satisfying: for all I < j < n, ||-Pv2(n)^ieioV2(i) II ^ ^n+i- Then 
set (72(n + 1) = io- Proceeding this way we construct (72, V'2- 

Summarizing we have: If e^- e F„, then \\Piij2{n-i)^iJa2,'4>2^ij\\ < ^n- It is easy to see 
that (1) implies i^cT2,'02-Pv2(n-i) = -Pn-i-f^cT2,V'2; hence, \\Pn-iK^2,i>2^iJcT2,tp2^ij\\ < ^n- 

Define $26^ = [Pn - Pn-i) -^(j2,v^2*^i'^o-2,i/'2^ij5 where G .F^ (i-G-, the projection 
onto Fn- Recall that Ka2,tiJ2^iJ<T2,i'2^n C M„). Therefore, 

ll(^a2,V2^i'^a2,V2 - ^2)eij|| < e^. 

Since the (2n — 1) -dimensional space F„ has a 1-basis consisting of e^j's, we conclude that 
if X e then || (K^^^^^^^i J^^^^^^ - $2)a^|| < (2n - l)e„||x||. 
If we choose X^„(2n — l)en < e small enough we finish. 

STEP 3. For every e > there exist (73,V'3 C N, and $3 e -B(ci) such that ||$3 - 
-^a3,V'3 ^2-^0-3,^3 II < and $3-H"n C -ffn and $3^^ C for every n G N. 

We will choose as^ipz as in (1) to guarantee that F„ is invariant for $3. Let (73(1) = 
■?/'3(l) = 1 and A(l) = -B(l) = N. Assume that we have chosen (73(1), (73(77,); 

'i/'3(l), ■ ■ ■ , 'i/'3(?i) and A{n), Bin), infinite subsets of N, satisfying: a^{l) < ips{^) < ■ ■ ■ < 
csin) < i^si^n). (We will choose a3{n + 1) from A{n) and ^^3(11 + 1) from Bin)). 

Let N > ip3{n) be a "large" number. For every j e B{n), j > N find i(j), V'3(^) < 
z(j) < A" such that ||Qv3(n)*2ei(j)j || < (Apply Lemma 2 to (5v'3(n)*2 : -P'j ^ 
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Q^3(„)Fj, notice that dim (Q^g^^^F^) = 2i/;3(n)). Let B{n + 1) C B{n) be an infinite 
subset of those j's with common = iq and set 0-3(71 + 1) = zq. Exchanging the roles 

of A{n),B(n) with B{n),A{n + 1) we find A{n + 1) C A{n), and V'sl^ + 1) such that 
||(5^3(n)^2ei^3(n+i) II < £n+i for every i e 74(n + 1). Proceeding this way we construct 

Summarizing we have: If e^- e Hn, then \\Q^^(^ri-i)^2Ja3,ip3eij\\ < ^n- It is easy to 
check that K<73,^3^-(/'3(n-i) = Pn-iK^^^^^; hence, ||(5n_ii^:o-3,V'3*2-^<T3,-(/'3eij II < e^. 

Define $36^^- = (Q^ - Qn-i)K„.,^^^.^^^2Ja:,.i,s(^tj , where e.^ G if^ (i.e., the projection 
onto Hn- RecaU that K^^^^^^2Jcr3,i>3En C -E^). Therefore, \\{K^^^^^<^2Jas,'^s - *3)ey || < 
en- Since En is Kn-isomorphic to £2, and QnKcr^,'4;^^3Ja3,ii;3 '• Hn+i — > -En is "diagonal" 
with respect to the decompositions: {HnC\Fj)j for Hn, and (£^„P|Fj)j for En, we see 
that if x e Hn, then || (ii:<73,^3$2-''<T3,-03 - *3)a^|| < -^^^£^1^11- 

Since the H^s form a Schauder decomposition, it is enough to choose X^^-^n^n < ^ 
small enough to finish. 

STEP 4. Find (J4, '04 such that $4 = -K'ct4,V'4^3"^<74,i/)4 satisfies $46^- = ^ij&ij for some 
Ajj e C. 

Just take a4 = {1, 3, 5, ■ ■ ■} and •04 = {2, 4, 6, • • •}. To see that it suffices, notice that 
if z < n then ffj P| F„ = [cj^, e^j]; hence, $36^^ = ciCj^ + C2e„j for some constants ci, C2. 

STEP 5. For every e > 0, there exist 0-5, V's C N; $5 e -B(ci); and A G C such that 
||$5 - i^a6,'05*4-/a6,i/'5ll < ^^d $56^^ = Xcij for cvcry i,j e N. 

Look at the upper part of {)^ij}i<ij- By a standard diagonal argument we find a 
subsequence 0-5(1) < V'5(l) < (^5(2) < V'5(2) < 0-5(8) < V'5(3) < • • • such that for some A^, 
A e C, |Ao-5(i),^5(j) — Ajj < e/2*+-' and |Aj — A| < e/2*. Which roughly speaking says that 
the upper triangular part of ^5 is essentially A. We order them as in (1) to preserve the 
upper triangular structure of {Ajj}. Do the same for the lower part, and assume that it is 
"essentially" |U G C. 

Define $5 = K^^^^^^^^J^j^^^^. Hence, $5 has essentially upper triangular part A and 
lower triangular part ji. Since ^5 is bounded they must agree. Otherwise, (^5 —jil) /{X — ji) 
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would be like the upper triangular projection; and the latter one is known to be unbounded 
(see [GK]). 

Let $5 = A/, and notice that if eij G i^n, then H^sCij — $56^11 < e(2iTj + 
Moreover, it is clear that if a; G Hn, then \\^^x — ^^x\\ < 2T;^||a;||. Since the H^s form a 
Schauder decomposition, we finish. | 

COROLLARY 3. (J. Arazy) ci is primary. 

PROOF. It follows from Theorem 1 that /, the identity on ci, factors through $ or 
through / — $. This implies that if Ci ^ X (BY then ci embeds complementably into X 
or Y. Since ci ^ (X]©ci)i, the Pelczyhski decomposition method gives the result. | 

Notice that J^j^^ and i^cr,^ can be defined in K{H), the space of compact operators 
in the Hilbert space H. Moreover, it is easy to see that J*^ = K^^^^ and K* ^ = Ja,ii)- 
Hence, one gets the equivalence of Theorem 1 and, 

COROLLARY 4. K{H) is primary. 

REMARKS. (1) The proof of Theorem 1 works in more general situations. For in- 
stance, if $ : T"*- — i> T-*^ and we make sure that all of the 0"^, ifji, i = 1, ■■•,5 respect 
triangularity, (i.e., they satisfy (1)), then the same result holds; giving another proof of 
the fact that T-*^ is primary. It also works for TP, 1 < p < 2 giving the same conclusion 
(both results are proved by J. Arazy [Arl] ). And for if -E is a 1-symmetric sequence 
space of type p, p < 2. 

(2) Some steps of the proof can be adapted to more general subspaces <S C ci provided 
we can find enough a, C N satisfying Ja,ii}S C <S and K^r^ipS C S. This fact will be 
essential in the next section. 

4. NEST ALGEBRAS IN ci 

In this section we study the isomorphism types of the nest algebras in ci. Notice that 
(jV, <) is a compact space with the order topology. 
The results we obtain are: 
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THEOREM 5. IfAf is an uncountable nest then (Al&A^)^ is isomorphic to T^(R), the 
continuous nest in ci. 

For J\f countable we have the following natural class: Let a be a countable ordinal 
number, index the canonical basis of £2 by {ep: P < a} and let T^{a) be the nest algebra 
in ci associated to the nest of subspaces {Nf^: P < a} where A^^ = [e-y : 7 < /?]. 

THEOREM 6. No two of the following nest algebras are isomorphic to each other: 
T^ij), T\2ij), and T^{uj^). 

If a > a;^ then the intervals of isomorphism of the T^(q!)'s are at most like those for 
the C(a)'s. 

PROPOSITION 7. If a;2 < a < < a'^ then T\a) T^iP). 

The proof of Theorem 5 will consist of two parts, (Lemmas 8 and 9). The first 
one shows that T-'^(R) embeds complementably into (AlgA/")^, and the second shows that 
(AlgA^)^ embeds complementably into Ti(R). Since T^(R) (E®Ti(R))i, the proof 
follows from the Pelczyhski decomposition method [Pe] . 

LEMMA 8. If A^ is uncountable then T^(R) embeds complementably into (AlgA^)^. 

PROOF. It is a consequence of the Similarity Theory [D] that A/" is similar to a nest 
J\f with a continuous part. By [E], this one comes from a continuous measure fi supported 
on [0, 1]. Let P be the orthogonal projection onto i^2([0, 1], A*); then $(T) = FTP sends 
AlgA/" onto a continuous nest. Moreover, $ is a projection and also sends (AlgA/")^ to a 
continuous nest in ci. | 

LEMMA 9. {AlgUy embeds complementably into T^(R). 

PROOF. The proof uses Erdos' representation Theorem [E]. For clarity we will prove 
it for multiplicity free nests but the proof extends easily to the general case. 

Assume that J\f is the standard nest on L2([0, where /j, — /Xc + /Xd and is 

continuous and fid is discrete with atoms at {dn}n C [0, 1]. 

We "split" every atom dn into d~ and d^ and insert a copy of [0, 1] in between. 
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corresponding to and 1 to ci+. More formally, if = [0, 1] x {n} for every n then 

^= ([o,i]\UK})U^- 

\ n / n 

with the natural order. It is easy to see that is then a compact connected space. Define a 
measure u on fl hy u = /ic on [0, 1] \Un{^n} Lebesgue on (J^ /„. Then u is continuous 
and we define the standard continuous nest on L2{0,, u), which we denote AlgA^. 

To take care of the atoms consider Xn = V^X[i/2,i] and yn = V^X[o,i/2] supported 
on In. Then for every n, Xn ® Vn ^ AlgA/". {x ® y denotes the rank-1 map that sends 
h {h,x)y). 

Let P be the orthogonal projection on L2(fi,^') onto L2([0, 1] \ Un{^"}' A*c); Px the 
orthogonal projection onto [xn] , and Py onto [yn] ■ It is clear that they are orthogonal from 
each other. 

Define $ on S(L2(0, z/)) by $(T) = {P + P^)T{P + Py). Notice that $ is a projection 
and its range is isomorphic to AlgA/". They have the same continuous part: PTP; the 
same atomic part: P^TPy-, and they interact in the same way. Moreover, $ is also defined 
on ci(L2(fi, I')), giving the result. 

If M is not multiplicity free, then represent it as in [E] , make the "enlargement" on 
every interval and proceed as before. | 

The proof of Theorem 6 is more involved. We start with a concrete representation of 
T^(a;), (which will be denoted from now on by T^), T^{2uj) and T^{uj^). Notice that the 
last one is isomorphic to ® ci — spanjey ® Cki '■ i < j', k,l = 1,2, ■ ■ •}. 



/ * * 
* 



T^(a;) 



* * 
* 



V 



/Ti ci ci ■••\ 
Ti ... 



v 



* 



I , and 



Ci Ci 
Cl 



= 0ci. 



11 



It is clear that embeds complementably into (2a;) and this one embeds comple- 
mentably into T^(c<;^); however, the reverse complemented embeddings do not hold (see 
Lemmas 9 and 10 below). The key point is the decomposition 

LEMMA 10. T^{2uj) does not embed into 

PROOF. If T^(2cj) embedded into then we would have that ci embeds into 
But this is impossible as we stated in the preliminaries (see [KP]). | 

The next proposition says that T-^(a;^) does not embed complementably into T^{2(jj). 
Nevertheless, since ci C T^{2lj), it does embed. 

PROPOSITION 11. T^{oj^) does not embed complementably into T^{2uj). 

The idea of the proof is that we cannot take away one ci from (g) ci in such a way 
that what we have left is just one T^. 

To formalize this we first prove that we can replace any bounded linear operator $ on 
® ci by a multiplier; then we will show that for this simple type of operator it is not 
possible to have $(T^ (g) ci) ^ Ci and (/ - $)(T^ O ci) ^ 

A multiplier on (g)Ci is a bounded linear operator, $, that satisfies: for every i < j, 

^dj <S> Cki = Xijkieij (g) Cki, 

for some Xiju £ C. 

To make the replacement we reduce the problem from ci (g) ci to ci and then adapt 
the steps of the proof of Theorem 1. 

Let 0:NxN— >Nbea one-to-one and onto map, and define 5" : ci (g) ci — > ci by 
S{eij (g) Bki) = e^i^k)(t>(j,l)- It is easy to see that S is an isometry onto. This allows us to 
define on ci (g) ci the equivalent maps for J^^^ and K^^^^ as follows: 

^{hj) = {4>~^(^4>){i^3) and 
^{k,l) = {r^U){k,l). 
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Then ^ : ci ci — > ci ci , and ^ : ci (8) ci — > ci ci are well defined and have the 
same properties. Moreover, we have 

S-'J.,i. = J,^^S-' and K^,^S = SK,^^. 

Let S = S{T'^ ® ci). Notice that S is a *-diagrani; i.e., for z, j fixed, either G <S or 
for every ^ e <S, (^e-,-, Cj) = 0. 

Let TTi be the projection onto the first coordinate of N x N and define 

r{i) = 7ri0~^(z). 

It is clear that e 5 if and only if r{i) < r{j). Moreover, it is very important to notice 
that for i fixed there are infinitely many j's satisfying r{i) = r{j). 

LEMMA 12. With the above notation, a necessary and sufficient condition for Ja,'^S C 
S and K^^^S C «S is that r{i) < r{j) if and only if r{a{i)) < r{'ip{j)). In particular, this is 
true if r{i) = r{a{i)) = r{il^{i)) for every i. 

The proof of Lemma 12 follows immediately from the definitions. 

LEMMA 13. For every e > and # : T^(8)ci T^(8)ci a bounded operator, there exist 
a and tp, as in Lemma 12, and a multiplier $i on T-*^ ®ci satisfying \\K^ ^p^J^ tp~^'^\\ ^ ^• 

PROOF OF LEMMA 13. The proof mimics the one of Theorem 1, and we solve it 
on S instead. Let M„(<S), £'^(«S), F„(<S) and Hn{S) be as in Theorem 1 with the natural 
modifications; e.g., M„(5) = spanjcij e S : max{i, j} < n}, etc.. 

Let $ : 5 — > 5. To simplify notation whenever we say that $ pa \E' we mean that they 
are arbitrarily close. 

STEP 1. Find ai with r{i) = r{ai{i)) for every i, such that $i ^ Kcrj^,ai^Jai,ai-i and 
it satisfies $i(M^(5)) C Mn{S) and $i(En(«5)) C En{S). 

This is easy. Repeat the proof in Step 1, Theorem 1 but choose a{i) satisfying r{i) = 
r{a{i)). This is always possible because there are infinitely many j's with r{j) = r{i). 

STEP 2. Find cr2,ip2, with r{i) = r((T2(i)) = r{ip2{i)) for all i, such that $2 ~ 
Ka2,'>p2^iJa2,il^2 and it satisfies $2(-P'n(«5)) C Fn{S). 
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The proof is very similar to the one of Step 2, Theorem 1. We only have to take 
1^2 {'IT' + I) & A with r{a2{n + 1)) = r(n + 1) and make sure that {i: ip2{'ri) < i < r{i) = 
r(n + 1)} is "large enough" to extract a"2(n + 1) from it. 

STEP 3. Find crs, V's as in Lemma 12 such that $3 ^ Kcr^,'4>^^2Ja3,'4>3 and it satisfies 

The proof is more delicate now. If we repeat the proof of Step 3, Theorem 1 we may 
end up with all the elements in A{n) with constant r{i). 

We need to find 0-3, ip2, as in Lemma 12. This means that if we have chosen 0-3(2), ?/j3(i) 
for i < n, then (73 (n + 1) and 'i(j3{n + 1) have the following constrains: If k < n then 

r{k) < r{n + 1) r{a3{k)) < r{ijj3{n + 1)), and 
r{k) > r{n + 1) =^ r((j3(/c)) > r{'(p3{n + 1)); 

we also have similar conditions for 0-3 (n + 1) in addition to r{as{n + 1)) < r('03(n + 1)). 
However, we will see that there is a lot of room and we will not worry much. 

Let Rk = {i ■ r{i) = k}. We will choose 0-3 and i/j^ in such a way that if r{i) = r{j) 
then r((T3(i)) = r{as{j)) and r{ips{i)) = r{ip3{j)). Therefore, once we choose an element 
from Rj. we must be able to continue selecting elements from the same Rk- 

Assume that we have chosen (T3(i), ip3{i) for z < n and that we have A{n),B{n) subsets 
of N satisfying: 

card(yl(?i) f]Rr{^3{i))) = ^0 for i < n, 
card{i : caxd{A{n) r]Ri) = Kq} = ^O; 
card(S(n) [ | Rr(a3{i))) = ^0 for i < n, 
card{i : card(S (n) Q = Kq} = Kq. 

The first and third conditions are the ones that allow us to choose elements from the 
previously chosen RiS; and the others are similar to those of Step 3, Theorem 1. 

Suppose we have to choose asin + 1) from R^, here m is one of the elements of the 
fourth line of (2). Then let p C B{n) f]Rm be such that card(p) = N = N{n), where N is 
a very large number. 
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We want to take A{n + 1) C A{n) satisfying (2), but first we find Ai{n + 1) C A{n) 
satisfying (2), and pi <Z p very large such that for z < n 

(3) ke pi and j e Ai(n) p| i?r(^3(i)) ^ HQnCfciH < Cn+i- 

To check (3) it is enough to do it for only one. Lemma 2 gives that for every j G 
A(n) Pi 72^(^3(1)), card{z G p : HQne/cjH > Cn+i} is very small. Hence, wc can find a 
large pi <Z p and Fi C yl(n) P| i?r(^3(i)) infinite such that if j G Fi and k E pi then 
HQnCfejII < e„+i. Let 

Aiin) = [Ain) \ (^(n) f|i?,(,3(i)))] |Ji^i- 

It is clear that this does it. Moreover, it is also clear that we have complete control over 
finitely many R^s. This is the "room" we mentioned before. 

So, assume that Ai{n) satisfies (2) and (3). For every j G Ai{n) there exists k{j) G pi 
such that ||Qnefc(j)j|| < ^n+i- Since pi is finite we choose as{n + l) G p such that A{n + 1) = 
{j G Ai{n) : j > maxp and ||(5neCT3(n+i)j II ^ ^n+i} satisfies (2). Find V'sl^ + 1) similarly. 

STEP 4. Find 0-4, '04 as in of Lemma 12 such that $4 = K^^^^^^sJa4,ip4 satisfies 
This is just like Step 4 of Theorem 1. 

We finish now the proof of Lemma 13. If $ G B{T^ ci) then S^S'^ : S ^ S. 
Combining Steps 1 through 4 we find cr, ip satisfying the condition of Lemma 12 and ^1 a 
multiplier such that 

11X^,^5$^-^,,^ -$i II <e. 

Since K^^^S = SK^ ^ and J^,,/, = X ^S~^ we obtain the result. | 

PROOF OF PROPOSITION 11. Suppose that ® ci f« © ci. Then find $ G 
B{T^ ® ci) such that $(T^ ® ci) ^ ci and (/ - $)(T^ ® ci) Therefore, 

/ti does not factor through $, and 
Ici does not factor through / — 
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We will show that this leads to a contradiction. 

Find, as in Lemma 13, cri, V'l and a multiplier $i such that ||$i — J^^ < e 

and for i < j, $16^^- (g) eu = Xijkieij ® eki. 

By a standard diagonal argument we can assume that 



lim Xijki 


— Xijk 


I — >oo 


lim Xijki 


— Xiji, 


fc— »oo 


lim Xijk 


= Xij, 


fc— >oo 




lim Xiji 

/— >oo 


= Xij. 



CLAIM 1. Xij = Xij. 

The proof of this is essentially Step 5 of Theorem 1. If for some i,j we had Ay ^ Xij, 
then looking at the ci at the i,j position we would find a block projection with upper 
triangular part Ay and lower Ay. And this would be unbounded. 

We can assume moreover that all of the Ay essentially agree; i.e., for some A e C, 
|Ay - A| < + ^). 

CLAIM 2. |1 - A| < 2e. 

If not, define J2 : ci — > T-*^ ci and K2 : T-*^ ci — > ci by J2ey = Cy (8) en and 
K2{eij ® Cki) = Sij only if A; = Z = 1. Then $2 = K2^iJ2 '■ ci — > ci; also notice that 

/e, -$2 = i^2(/-$l)J2. 

As in Step 5 of Theorem 1 find J3, -ftTs in ci such that $3 = Ks^2J3 satisfies ||$3 — 
Aii/ci II < ^- Hence, if K = ii'3ii'2-P^5.^ and J = J^^ -ip^J^Jz we have that J — A/d || < 
2e. Therefore, 

||K(/-$)J-(l-A)/eJ| <2e. 

And since |1 — A| > 2e we have that K{I — $) J : ci — > ci is invertible. This implies that 
Ici factors through / — a contradiction. 

It remains to prove that both Claims 1 and 2 contradict our assumption. 
For this it will be enough to find cr, V' such that for i < j, |Ayo-(j)^(j)| > 1/2. Because 
once we have this we define J : T-*^ — > T^<SiCi and K : T^<SiCi — > T-*^ by Jcy = eij<Siea-(i)'4,(j) 
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and K such that KJ = It^i. Then K^iJ : — > is a multipher with big elements; 
hence, an adaptation of the proof of Step 5 of Theorem 1 imphes that I^i factors through 
$ giving a contradiction. 

The existence of a, ip will follow from the next claim which we prove only in the first 
row of ci's. 

CLAIM 3. Let B be an infinite subset of N, and for every /c = 1, 2, ■ ■ • let 
Ak = {j eB: card{Z : |Ai,fe/| > 1/2} = «o}- 

Then for some k, card^fc = b^o- 

We know that if we look at the (ci)ij then there are plenty of Aijfc^'s in the "lower- 
right" corner that satisfy |Aijfc/| ~ 1. More specifically, given I large enough, there exists 
ko such that for k > ko, Xijki ~ ^ij ~ A. 

If Claim 3 were false, for every k fixed, we would have |Aijfc/| < 1/2 "eventually". 
Hence, one can extract arbitrarily large blocks that look essentially like 

/A ■■■ I^in\ 

A A • • • IJ,2N 

\A A ••• A / 

Where < 1/2. Then, Ramsey's Theorem, used as in Proposition 17 gives us a large 
submatrix with upper triangular part < 1/2 and lower A with |A| > 1 — 2e. Since N 

is arbitrarily large and the latter matrices are not uniformly bounded we conclude that $ 
is not bounded. A clear contradiction | 

We finally start the proof of Proposition 7. For this we need the following lemma. 
LEMMA 14. liu^ <a then T^{a) ft; T^ia"^). 

PROOF OF PROPOSITION 7. It is clear that Lemma 14 gives that for every n e N, 

T^{a) ^ T^(q;"'). Hence, if a < f3 < we can find n such that a < fi < a"^. Therefore, 
we have that T^(a) embeds complementably into T^(/3), and this one into T^ia""). Since 
the latter is isomorphic to T^{q:) and we have that T^{a) (^©T^(q;))i, we finish the 
proof using Pelczynski's decomposition theorem. | 
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Before the proof of Lemma 14 we prove this simpler case, 
LEMMA 15. liu^ <a then T^{auj) T^{a). 

PROOF. Notice that (O^auj) = IJo<n<c<; where In = {an,a{n + 1)]. Therefore, 
£2(0:^^) = ®Hn)2 where Hn = [e^ : an < < a{n + 1)]. Taking the "diagonal" of this 
decomposition, (which is clearly complemented), we obtain 



{au) ^ { eT^ (a) j [T^ ® ci] 

V n / 1 



PROOF OF LEMMA 14. Notice that (0, a^) = Uo<e<a ^^^^^ k = «(C + !)]• 
Then repeating a similar argument as in Lemma 15 we have that 

\0<^<a / ^ 

RiT^(a)e[T^(a)®ci]. 

And we finish the proof if we prove 

CLAIM 1. If a;2 < a then T^{a) (g) ci T^{a). 

Notice first that (0, ua) = Uo<g<a h where = (cu^, a;(^ + 1)]. Then we have that 

T^{u;a) © [T^{a ® ci)] « T^(a) ® ci. 

Hence, it is enough to prove, 

CLAIM 2. If a;2 < a then T^{a) « Ti(a;Q;). 

For a;^ < Q! < a;'^ it is enough to take a = a;". And for this case Lemma 15 gives the 
result. For a = a;'^ we have that ojoj^ = u)^. Actually, if 7 > a; then ojoj'^ = lo'^ . Hence, 
for ot > we have ua < au (Just take a = u^k + 6 for some 6 < u'^ and 7 > cu). This 
implies that T^{u)a) embeds complement ably into T^{au>); and now Lemma 15 finishes 
the proof. | 

5. PRIMARITY OF OPERATOR SPACES. 
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In this section we show that if M is an infinite nest in a separable Hilbert space then 
Alghf and B{H)/ AlgAf are primary. These are non-commutative versions of theorems 
proved by Bourgain [B] and Miiller [Mii]. 

The technique we use was developed by Bourgain [B] to prove that H°° is primary. 
It allows to obtain the general theorem from its finite dimensional version. 

To prove that AlgjV is primary we use the decomposition, from [A2] , 



where T„ is the set of all n x n upper triangular matrices in M„. Then we modify slightly 
the combinatorial argument used by Blower [Bl] to prove that B{H) is primary. It is the 
arguments in [Bl] which motivated our work above. 

THEOREM 16. Alg^A^ is primary. 

The proof of the theorem will follow from the finite dimensional CcLSG clS Bourgain [Bl 
indicated. Since the proof is a slight modification of [Bl] we use the notation employed 
there. 

If a = {a"(l), ■ ■ ■ , cr(n)} and i/j = {'0(1), • • • , V'l^)} ^ire finite subsets of {1, • • • , N}, 
define J^,^ : M„ ^ and K^^^ : ^ by 



It is easy to see that Jo-,,/, is an isometric embedding and Ka^ipJa,^) = I, where / is the 
identity of 

Moreover, if 





Ja,'tl}{^ij) — ^cr{i)ip{j)-, and 




Ckh if cr(fc) = i and ^(/) = j; 
0, otherwise. 



(4) 



(j(l) < V'(l) < (t(2) < il^{2) <■■■< a{n) < V'(n), 



then Ko,v(Tiv) = T 



Then we obtain a proposition similar to the one in [Bl] . 
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PROPOSITION 17. Given n, e > and K < oo there exists Nq such that if iV > ATq 
and T e B{Tn, T^t) with ||T|| < K, then there exist subsets a and ijj oi {1, ■ ■ ■ , N} of 
cardinahty n such that cj(l) < '0(2) < • • • < cr{n) < ip{n) and a constant A such that 

\\Ka,ipTJ(^^^ — XIn\\ ^ £• 

Thus, one of Kcr,%i}TJa,ii, and Kcr,%i;{In — T)Ja,'4, is invertible. 

REMARK. The previous proposition was proved by Blower [Bl] without the assump- 
tion that a and i/j satisfy (4). In fact, he proved it for max a < mim/). However, since we 
need to preserve the triangular structure we modify the argument from [Bl] to obtain the 
desired result. 

SKETCH OF THE PROOF. Just as in [Bl] find a large cJi C {1, ■ • • , iV} and A e C 
such that if i < j are in ai then \{T{eij)ij — c| < en~^/4. 

The goal now is to find a large a <Z ai such that if i < j and k < I are in a and 
satisfy 7^ (k, I) then \ {Teij)ki\ < S, where S = en~^/4. Then a = {a{2i - and 
= {a-(2z)}f^i will do it. 

To find a we find first, as in [Bl], a large a"2 C ai such that if i<k<j<l are in a"2 
then \{Teij)ki\ < S. Then find a large C (72 such that if k < i < j < I are in (J3 then 
\(Teij)ki\ < S. After this find a large C (73 such that if i = k<j<l are in (74 one has 
\{Teij)ki\ < 5. Proceeding in this way we finish. | 

LEMMA 18. Given n G N, e > 0, there exists an N'{n, e) such that if > A'(n, e) 
and E is an n-dimensional subspace of Ttv then there exists a subspace F of Tjv and a 
block projection q, satisfying (2), from Tjv onto F such that ||ga;|| < e||a;|| for x e E. 

PROOF. It is enough to show that if x e T„, ||a;|| = 1 then we can find q, a large 
block projection that respects triangularity, such that < e. Then take an e-net of 

the unit sphere of E, {xi}^i. Find qi a large block projection satisfying (4) such that 
< after this find q2 a block projection contained in the range of qi such that 
1192(912^2)11 < e- Proceeding in this way we get q = qu • ■ ■Q2Q1', and q does it. 

To check the previous remark let a; e Tjv, = 1, 5 > (to be fixed latter), and let 

is bad if i <j and \xij\ > S. 
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Ramsey's Theorem gives us a large monochromatic subset p. If p were had we would set 
i = min p and then 

\\x{e^)f> J2 M'>{\P\-1)S'. 
iep\{i} 

Since, ||^c(ei)|| < 1, the right choice of 6 would give us a contradiction; hence, p is good. | 
We conclude with some comments on the proof of the following proposition, 
PROPOSITION 18. B{H)/Alghf is primary. 

The proof is similar to the one for AlgA/". We have an isomorphic representation for 
B{H)/ AlgM similar to the one for AlgA/" ; i.e., 

n=l 

where T„ is the algebra of all upper triangular n x n matrices. This follows from the 
proof of the main result in [A2]. The reason for this is that the maps (f)n : AlgA/" An 
and ipn '■ An — > AlgA/" from [PPW] are restrictions from 0„ : B{H) — > Bn and ipn '■ 
Bn — > B{H), where B^. is the enveloping algebra of An- Therefore, this induces maps 
(f)'^ : B{H) /AlgAf Bn/An and : B^/A^ B{H) /AlgAf with the right properties. 
Once we have the decomposition, the combinatorial argument is essentially the same. 

6. APPLICATIONS AND OPEN QUESTIONS. 

We conclude this paper with some applications and open questions. The first one is 
that the nest algebras in the trace class have bases. 

It is well known that Ci has a basis. We take the elements along the "shell" decom- 
position {Fn}n (See the proof of Theorem 1 for the notation) of ci; i.e, 

en, 612,622,621, 613, 623, 633, 632, 631, •• • etc.. 

Therefore, if 5 C Ci is a *-diagram, (i.e., for z,j fixed either e^j G 5 or for every A E S we 
have {Acj, Cj) = 0), it has a basis. This is so because we are just taking a subsequence of 
the basis. 

This is the principle we use to prove: 
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THEOREM 19. The nest algebras in ci have bases. 

PROOF. We divide the proof in two cases: If the nest is uncountable we use Theorem 
7 and the following representation. Index the basis of ^2 by the rational numbers in [0, 1], 
{er}r- Then for < t < 1, let Nt = [cr : r < t] and A^^~ = [cr : r < t]. It is clear that 
J\f = {Nt, N^}o<t<i is an uncountable nest algebra. Therefore, if : N — > QHfO) 1] is a 
one-to-one and onto map and U : £2 £2{Qf][0,^]) is defined by Uci — e0(j), we have 
that U~^{AlgAf)^U is a *-diagram in ci. Therefore, it has a basis. 

If J\f is countable we use the representation theorem from [E] . For simplicity we do it 
only for the multiplicity free case, although the proof for the general case is basically the 
same. 

Assume then that our nest is the standard nest on L2([0, for some measure 

/X. Since J\f is countable we have that is totally atomic. Therefore, if we do a similar 
construction as above, we see that it is unitarily equivalent to a *-diagram and therefore 
it has a basis. | 

REMARK. Most of the results of this paper work in the space of compact opera- 
tors with some minor notational changes. In particular. Theorem 5, part of Theorem 6, 
Proposition 7 and Theorem 19 all hold in K{H). 

We conclude this three questions. 

QUESTION 1. If is a countable nest, does (AlgA/")^ correspond to some T^{a)7 

This question is motivated by the analogy between the classification of the space of 
continuous functions on compact metric spaces and the nest algebras in Ci. Recall that 
(A/", <) is a compact space that can be taken inside [0,1]. If A/" is uncountable, then 
C(A/') « C([0,1]) and {AlgUy f« T^H). If AA is countable, then C(AA) f« C(a;") where 
a is the smallest ordinal number for which J\f^°'\ (the ath. derived set of A/"), is finite. We 
cannot reproduce the previous result exactly, because for the nest algebra case it matters 
if the limit points are one-sided or two-sided. For example, if we take Ai = {1/2 — 
and A2 = {l/2±l/n}n then C{Ai) ^ ^(^2) but T^{Ai) ^ T^{uj) andTi(A2) « T^{2uj). 
Nevertheless, they correspond to some T^{a). The problem seems to be at the limit points; 
i.e., if A/"^"^ is finite and a is a limit point, say uj. 
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QUESTION 2. Are there uncountable many non- isomorphic T-^(q!)'s? 

In particular we are asking if T^{a) ~ T^(q:'^). A first step to question 2 is 

QUESTION 3. is T^{u;'^) fa T^{u;'^)? 
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